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In this chapter while calculating theIn this chapter, while calculating the
definite integral as the ‘limitlimit ofof thethe
sumsum’. We have learnt the process of
finding the area bounded by thefinding the area bounded by the
curve y=f(x),y=f(x), the xx-axis and the
ordinates x=ax=a and x=bx=b..
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In this chapter we shall discuss theIn this chapter we shall discuss the
use of definite integrals. In computing
areas bounded by simple curves
such as straight lines circlessuch as straight lines, circles,
parabolas and other conics.
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Let y=f(x)y=f(x) be a finite and continuous
curve in the interval [ b][ b] Then thecurve in the interval [a,b][a,b].. Then the
area between the curve y=f(x),y=f(x),
xx-axis and two ordinates at the
points xx == aa and xx == bb is given by,g y
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Let y=f(x)y=f(x) be a continuous curve
below the xx axis Then the areabelow the xx-axis. Then the area
between the curve y=f(x),y=f(x), xx-axis and
th di t d i i bthe ordinates x=ax=a and x=bx=b is given by

∫∫
bb

dfdA )(∫∫ −=−=
aa

dxxfydxA )(

∫=
b

a

dxxfA )(
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The area bounded by the curve
x=f(y),x=f(y), yy-axis and the lines y=cy=c
and y=dy=d (c(c << d)d) is given byyy (( )) g y

∫∫ ==
dd

dyyfxdyA )(∫∫
cc
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If the curve x=f(y)x=f(y) lies to the left of
yy axis then the area bounded by theyy--axis then the area bounded by the
curve y=f(x)y=f(x) and the lines y=cy=c and

i i by=dy=d is given by

∫∫
dd

ddA )( ∫∫ −=−=
cc

xdydyxA )(

d

∫=
d

dyyfA )(
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If the curve crosses x-axis at one point
‘C’ then the area bounded by the
curve is given by.curve is given by.

b

∫∫ +=
b

c

c

a

dxxfdxxfA )()(
X

ca
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If the curve crosses xx-axis in two points
c&dc&d,, then the area between the curve
y=f(x)y=f(x),, the xx--axisaxis and the ordinatesy f(x)y f(x),, the xx axisaxis and the ordinates
x=ax=a & x=bx=b is

∫∫∫ ++=
bdc

dxxfdxxfdxxfA )()()( ∫∫∫ ++
dca

dxxfdxxfdxxfA )()()(
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The area enclosed between the
curves ff ( )( ) and ff ( )( ) betweencurves y=fy=f11(x)(x) and y=fy=f22(x)(x) between
the ordinates x=ax=a && x=bx=b is given by

∫
b

∫ −
a

dxxfxf |)()(| 21
a
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If the two curves do not cross each
other between lines x=ax=a & x=bx=b, then
the area is

∫ ∫
b b

|)()(| 21∫ ∫−
a a

dxxfdxxf
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Curve Sketching for AreaCurve Sketching for Area

For the evaluation of area of bounded

Curve  Sketching  for  AreaCurve  Sketching  for  Area

For the evaluation of area of bounded
regions, it is very essential to draw the

h k t h f th Through sketch of the curves. The
following points are very useful to
draw a rough sketch of the curve.

Vikasana - CET 2012



• For all ‘xx’ for which y=f(x)=y=f(x)=00 )( bxa ≤≤For all xx for which y f(x)y f(x) 00

• Mark these points on xx -- axisaxis..

)( bxa ≤≤
p

• In case of two curves, find the point

of intersection of two curves.

• Use symmetry of the curve in finding
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SymmetrySymmetry aboutabout xx--axisaxis –
f th ti f th d tIf the equation of the curve does not

change when ‘y’ is changed to ‘–y’,
then the curve is symmetrical about
x - axis.x a s
(i.e. If only even power of ‘‘yy’’ occur, then
the curve is symmetrical about x-axis)the curve is symmetrical about x-axis).

Ex: yy22 == 44axax is symmetrical about x-axis.
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SymmetrySymmetry aboutabout y-axis ::
If th ti f th dIf the equation of the curve does
not change, when xx is changed to
–xx, then the curve is symmetrical
about y-axis. (If only even power ofy ( y p
x occur in the equation then then
curve is symmetrical about yy--axisaxis)curve is symmetrical about yy axisaxis)
Ex: xx22==44ayay is symmetrical about yy--axis.
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Symmetry in opposite quadrantsSymmetry in opposite quadrants :
If on replacing by and byIf on replacing xx by ––xx and yy by ––yy.
Then the equation of the curve does
not change (remains same). Then
the curve is symmetric in oppositey pp
quadrants.

i t i l i itEx: y=Sin xy=Sin x is symmetrical  in opposite 
quadrants.
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SymmetricSymmetric aboutabout thethe lineline yy == xx ::
If the equation of the curve remains
same on interchanging x and y, theng g y,
the curve is symmetrical about the
line y=xline y x.

Ex: xx33+y+y33=3axy=3axy is symmetrical aboutEx: xx yy 3axy3axy is symmetrical about 
the line  y=xy=x.
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Some standard results on area :Some standard results on area :
Th f th i b d d b• The area of the region bounded by  
yy22=4ax=4ax and xx22=4by=4by is         sq units. 

3
16ab

• Area of the region bounded by  
yy22=4ax=4ax and y=mxy=mx is sq units

3

28ayy =4ax=4ax and y=mxy=mx is       sq units.
• Area of the region bounded by 

33m

2y2=4ax and its latus return is      sq 
units. 3

8 2a
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• Area bounded by y=sinx,
x–axis is 2 sq units. Infact, area
of one loop of y=sinx and y=cosxof one loop of y sinx and y cosx
is 2sq. units

• Area bounded by, y=logex, y=0
and x=0 is 1sq unitsq
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• Area of region bounded by the curve  
ii and axis in [00 n ] is n2y=sinaxy=sinax and xx-axis in [00, np ] is 

• Area of region bounded by the curve  
a
n

y=cosaxy=cosax and x-axis in [0, n[0, np ]] is 
• Area of region bounded by one arch

a
n2

• Area of  region bounded  by  one   arch  
of  sinaxsinax or cosaxcosax and  xx-axis  is           
sq nits

a
2

sq units.
• Area of circle  xx2 2 + y+ y2 2 = a= a22 is    aa22 sq. π
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• The area of region bounded byThe area of region bounded by 
parabola  y=ax2+bx+c or 
x=ay2+by+c & x axis is 2

3
2 )4( acb −x=ay2+by+c &  x-axis is 

22

26
)4(

a
acb

• The  area  ellipse                 is           
sq units

12

2

2

2

=+
b
y

a
x abπ

sq units.
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1. The area region bounded by the
22 22parabolas yy22==44axax and xx22==44ayay is

3
16)

2aa
3

32)
2ab

3

9 2a

3

2
9) ac noned )
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2. The  area  enclosed  between  the  
parabolas  yy22=4x=4x and  xx22=4y=4y is

unitssqb 16)unitssqa
4
3)
4

16) iad 32)
2

unitssqc
3

16) unitssqad
3

3)
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3. The area enclosed between the3. The area enclosed between the 
parabolas  yy22=6x=6x and  xx22=6y=6y is

a) 1212 sq. uints   b)        sq. uints                    

c)  3636 sq. uints d)  none  of  these

Vikasana - CET 2012



4. The area inside the parabola  yy22=4ax=4ax
between the lines  x=ax=a and x=4ax=4a is

24) aa 228) ab

28)
2ac 56)

2ad
3

)c
3

)d
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Since yy22=4ax=4ax and is symmetrical about xx--axisaxis

A f th i 2( f th i iA f th i 2( f th i iArea of the region = 2(area of the region in Area of the region = 2(area of the region in 
the the 11stst quadrant)quadrant)

aaa 444

dxxadxaxydx
aaa
∫∫∫ === 22422

a4
⎤

( ) ⎥
⎤

⎢
⎡

−= 2
3

2
3

4
3
8 aaa

a

xa

4

2
3

34 ⎥
⎥
⎤

= ⎥⎦
⎤

⎢⎣
⎡ −= 2

3
2

3
88 aaa( ) ⎥

⎦
⎢
⎣3

a2
3 ⎥

⎥

⎦

⎥⎦⎢⎣3
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5. The area bounded by the parabola 
2 4 d th li d 4y2=4ax and the line  x=a and  x=4a

and  x-axis is

35)
2aa 4)

2ab
3

)a
3

)b

2

3
7)

2ac
3

28)
2ad
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6. The area of the figure bounded by  
y=Cosxy=Cosx and  y=Sinxy=Sinx and  the 
ordinates x=0x=0 and isπ

=xordinates  x 0x 0 and is
4

=x

( )121) 1)b( )12
2

) −a
2

1)b

12) −c 12) +d
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∫ −=
4

)sin(

π

dxxxCosAreaquiredRe ∫
0

)sin( dxxxCos

[ ]4cossin
π

xx +=

AreaquiredRe

[ ]4
0cossin xx +=

( )00i CSi⎞
⎜
⎛ ππ ( )00

4
cos

4
sin CosSin +−

⎠
⎞

⎜
⎝
⎛ +=

ππ

121
2

2)10(
2

1
2

1
−=−=+−⎟

⎠
⎞

⎜
⎝
⎛ +=
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7. The area bounded by  y=logy=logee xx,  the  
ii d th li ixx--axisaxis and  the  line x=ex=e is

11)a
e

b 11) −
e

c 11) + ed )
e

c 1) + ed )
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∫
e

∫ xdx
1

log

exxx 1]log[ −=

)l()l( )11log1()log( −−−= eee

1)10()( ee 1)10()( =−−−= ee
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8. The area of the region bounded by
the parabola y=xy=x22++11 and the straight
line x+y=x+y=33 is given by,yy g y,

45)a 25)b
7

)a
4

)b

9
18

) πc
2
9)d
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3&12 =++= yxxyGiven xy −=⇒ 3yy y

13. 2 +=− xxie
2,10)1)(2( −=⇒=−+ xxx

areaquiredRe ∫ +
1

2 )1()3( dxxxareaquiredRe ∫
−

+−−=
2

)1()3( dxxx

]1
31 2

∫
xx ]1 2

2

2

32
2)2( −

−

−−=−−= ∫
xxxdxxx
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⎠
⎞

⎜
⎝
⎛ +−−−

⎠
⎞

⎜
⎝
⎛ −−=

844112
⎠

⎜
⎝⎠

⎜
⎝ 3232

⎞
⎜
⎛ +−⎞

⎜
⎛ −− 8182312

⎠
⎞

⎜
⎝
⎛ +

−
⎠
⎞

⎜
⎝
⎛=

3
818

6
2312
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9. The area of portion of the circle   
xx22+y+y22=6=644 which is exterior to the 
parabola yy22=12x=12xparabola  yy 12x12x

( ) unitssqa 3416) −π ( ) unitssqb 3816) −π( ) unitssqa 34
3

) π ( ) unitssqb 38
3

) −π

( ) unitssqc 38
3

16) + theseofNoned )
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In the first quadrant the point ofIn the first quadrant the point of
intersection of the circle x2+y2=64 and
the parabola y2=12x is (4 ± )34the parabola y =12x is (4, ± )34

6422 =+ yx 06412., 2 =−+ xxie

0644162 =−−+⇒ xxx 0)16)(4( =+−⇒ xx

48., 2 =yie 34±=∴ y

Vikasana - CET 2012



Required area =
Area of the circle – Area of circle
exterior to the parabola.p

∫ ∫−−=
4 8

2264 ydxydxπ ∫ ∫
0 4

yy

84

dxxdxx ∫∫ −−−=
8

4

2
4

0

64232264π
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8
12

4

2
3

82
6464

2
233464 ⎥

⎦

⎤
⎢
⎣

⎡

⎠
⎞

⎜
⎝
⎛+−−⎥

⎥
⎤

⎢
⎢
⎡

−= − xSinxxxπ
4

0

822
2
3 ⎥

⎦
⎢
⎣ ⎠

⎜
⎝⎥

⎥

⎦
⎢
⎢

⎣

[ ] ⎞⎛ ⎞⎛⎤⎡ 138 3 [ ] ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛+−−+−⎥

⎦

⎤
⎢
⎣

⎡
−−= −−

2
16416644)1(64)0(804

3
3864 112

3

SinSinπ

⎤⎡( ) ⎥
⎦

⎤
⎢
⎣

⎡
−−⎟

⎠
⎞

⎜
⎝
⎛−−=

6
64484

2
648

3
3864 πππ
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323163236464 πππ ++−−=
3

31632
3

64 ππ ++−−=

3234896364192
3

3234896364192 πππ ++−−
=

[ ] ..38
3

16
3

316128 unitssq−=
−

= ππ
33
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10 The area enclosed between the10. The  area  enclosed  between  the  
concyclic  circles  xx22+y+y22=4=4 and  
xx22+y+y22=9=9 isxx22+y+y22=9=9 is

) b 4)unitssqa .5) π unitssqb π4)

it9) itd 36)unitssqc π9) unitssqd π36)
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922 =+ yx

Let A1 be the area of circle 1 is 
A1= 9π sq. units.A1  9π sq. units.
Let A2 be the area of circle  2  is 
A = 4π sq unitsA2 = 4π sq. units.
Let ‘A’ be the area enclosed between 
the t o circlesthe two circles

21 AAA −= ππ 49 −= susqA int5π=∴
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11.  Area bounded by the curves 

y=log x,  y=log|x|,  y=|log x|  &  y=|log |x|| isy=log x,  y=log|x|,  y=|log x|  &  y=|log |x|| isy g y g| | y | g | y | g | ||y g y g| | y | g | y | g | ||

i4) b 6)unitssqa .4) unitssqb .6)

unitssqc .10) theseofnoned )
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WW..KK..TT.. loglog xx is defined for x>x>00 andgg
loglog ||xx|| is defined for all xx ∈∈ RR –– {{00}}
Also |log x| ≥ 0 and |log |x|| ≥0Also |log x| ≥ 0 and |log |x|| ≥0
Required area is symmetrical in all
the four quadrantsthe four quadrants

∫
1

=areatheSo ∫
0

|log|4 dxx
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[ ]1
0log4 xxx −−=

[ ]1
0)00()11log1(4 −−−−=
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12 The area bounded by the12. The  area  bounded  by  the  
curves y=xy=x &  y=xy=x33 isis
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110,0 ±=⇒±=== yxyxWhen

1,00)1(.. 23 ±==∴=−⇒= xxxxxxei

Th li i t t th 33∴The line y=xy=x intersect the curve y=xy=x33

at three points (-1,-1),(0,0) & (1,1) Hence
it is symmetric in opposite quadrant.
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∫∫ +
0

3
1

3 )()( dd ∫∫
−

−+−=
1

3

0

3 )()( dxxxdxxx

01 024142

2442 ⎥
⎦

⎤
−+⎥

⎦

⎤
−=

xxxx

10 2442
−⎦⎦

111 unitssq
2
1

4
1

4
1

=+=
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1313.. TheThe areaarea boundedbounded byby thetheyy
curvescurves |x||x| ++ |y||y| ≥≥ 11 andand
xx22 ++ yy22 ≤≤ 11 isisxx ++ yy ≤≤ 11 isis
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14)  The area of region bounded by  14)  The area of region bounded by  xx22=16y=16y
&  &  x=0x=0 and and y=1, y=4y=1, y=4 and  and  yy--axis  in the axis  in the 
11stst quadrant isquadrant is
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15)15) The  area  of  the  region The  area  of  the  region 
b d d bb d d b 22 5 45 4 ddbounded by  bounded by  y=xy=x22--5x+45x+4 and  and  
xx--axisaxis isis
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Since the curve   Since the curve   y = xy = x2 2 -- 5x + 45x + 4
crossescrosses xx--axis  axis  y=0y=0

04142 =+xxx 0414 =+−− xxx

4,10)1)(4( =∴=−− xxx
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⎠
⎞

⎜
⎝
⎛ +−−

⎠
⎞

⎜
⎝
⎛ +−= 451168064

⎠
⎜
⎝⎠

⎜
⎝ 23

6
23

⎞
⎜
⎛ +−

−⎞⎜
⎛ −=

241522464
⎠

⎜
⎝

−
⎠

⎜
⎝

−=
6

24
3

⎞
⎜
⎛⎞

⎜
⎛ − 117264

⎠
⎞

⎜
⎝
⎛−

⎠
⎞

⎜
⎝
⎛=

6
11

3
7264

2
9

6
27

6
1116

==
−−

=
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16.  The  area  enclosed  by the  
22parabola  yy22=16x=16x and  its  latus  

rectum
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∫
4

2 ydx∫
0
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17. The area of smaller segment cut offg
from the circle xx22+y+y22==99 by x=x=11 is

( ) unitssqb 83sec9) 1 −−

( )

( )

( ) unitssqc 3sec98) 1−−

Vikasana - CET 2012



⎠

⎞
⎜⎜
⎝

⎛
−

⎠
⎞

⎜
⎝
⎛−= − 81sin9 1π

⎠
⎜⎜
⎝ ⎠

⎜
⎝ 32

839 1 −= −Sec
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18. The ratio of which the area bounded
by the curves yy22==1212xx and xx22==1212yy is
divided by the line x=x=33 isy
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3

32
3

⎥
⎤

⎢
⎡

32

36
2
332

⎥
⎥
⎥

⎦
⎢
⎢
⎢

⎣

−=
xx

02 ⎦⎣

( ) ( )27
36
133

3
34

−= ( )
363
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∫∫ −=
12 212

2 12
12 dxxdxxALet ∫∫

33 12

( )332
3

2
3

312131234
−−⎥

⎤
⎢
⎡

−= ( )3
36

3
3 ⎥

⎦
⎢
⎣

[ ] ( )27172813332434
−−−= [ ] ( )271728

36
33324

3

[ ] ( )1701132134
−= [ ] ( )

363
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19. The area bounded by y=axy=ax22 and
x=ayx=ay22 (a>0) is 1 then ‘a’ is
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Solve the given equations, we get (0,0) &

OCBDOofArea OABDOofArea−

a

xx

1

32
3

1 ⎥
⎤

⎢
⎡

xax
a

2

3
.

2
3

11
⎥
⎥
⎥

⎦
⎢
⎢
⎢

⎣

−=⇒
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20.    The area of the region                        
{ ({ (x, yx, y):): xx22+y+y2 2 ≤≤ 1 1 ≤≤ x + y x + y }}
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Given equation of the circle and the
li 22 22 dline are xx22 ++ yy22==11 and xx ++ yy == 11
Solving these equations we get
x=0, x=1

A(1,0) and B(0,1)A(1,0) and B(0,1)
Required Area =
Area of OAB - Area of triangle OABArea of OAB - Area of triangle OAB
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21. Area of included between the
curves y=xy=x22--33x+x+22 and
yy == --xx22++33xx--22 isyy
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⎟
⎠
⎞

⎜
⎝
⎛ +−−⎟

⎠
⎞

⎜
⎝
⎛ +−= 2

2
3

3
146

3
82

⎠⎝⎠⎝ 233

⎟
⎠
⎞

⎜
⎝
⎛ +−

−⎟
⎠
⎞

⎜
⎝
⎛ −=

6
12922

3
82

⎠⎝⎠⎝ 63

squnits
3
1

6
12 =⎥⎦
⎤

⎢⎣
⎡=
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22. The area bounded by the curve

y=e|x|, xx--axisaxis and the lines x=x=--11 and

x=x=11 is
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∫=
1

0
2 dxe x

0

[ ]012 ee −= [ ]
[ ]squnitse 12 −=
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23. The area bounded by the curvey
xx22=y+=y+44 and the lines y=y=00 and y=y=55 isis
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ABCDAofArea= ( )ABMOAofArea2=

∫
5

∫=
0

2 dyx

dyy∫ +=
5

42 dyy∫ +=
0

42
5

2
3

)4(2 ⎥
⎤+

=
y

0
2

32
⎥
⎥
⎦

=

⎤⎡ 334[ ]4 [ ]4
⎥⎦
⎤

⎢⎣
⎡ −= 2

3
2

3
49

3
4[ ]827

3
4

−= [ ]19
3
4

=

iA 76
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24.The area region bounded by x=ax=a coscosθ
⎤⎡ 2

and y=a sin orθ ⎥
⎦

⎤
⎢
⎣

⎡
+
−

= 2

2

1
1

t
tax
⎦⎣

is
t
tay ⎥⎦
⎤

⎢⎣
⎡
+

= 21
2

⎦⎣
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25. The area of the region bounded

by x=acos and y = bsin , i.e.θθ

isba )( >
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